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SU(3)-INSTANTONS AND G2, Spin(7)-HETEROTIC STRING SOLITONS
PETAR IVANOV AND STEFAN IVANOV
Abstrat. Neessary and suient onditions to the existene of a hermitian onnetion
with totally skew-symmetri torsion and holonomy ontained in SU(3) are given. A formula
for the Riemannian salar urvature is obtained. Non-ompat solution to the supergravity-
type I equations of motion with non-zero ux and non-onstant dilaton is found in dimension
6. Non-onformally at non-ompat solutions to the supergravity-type I equations of motion
with non-zero ux and non-onstant dilaton are found in dimensions 7 and 8. A Riemannian
metri with holonomy ontained in G2 arises from our onsiderations and Hithin's ow
equations, whih seems to be new. Compat examples of SU(3), G2 and Spin(7) instanton
satisfying the anomaly anellation onditions are presented.
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1. Introdution
Supersymmetri bakgrounds of string/M theory with non-vanishing uxes are urrently an
ative area of study for at least two reasons. Firstly they provide a frame work of searhing for
new models with realisti phenomenology and seondly, they appear in generalizations of the
AdS/CFT orrespondene.
The supersymmetri geometries of the ommon NS-NS setor of type IIA, IIB and het-
eroti/type I supergravity are analyzed in [42℄. The bosoni geometry is of the form R1,9−p×Mp
where the Riemannian metri g, the dilaton funtion φ and the three formH are non-trivial only
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on Mp but all R-R elds and fermions are set to zero in type II theories. The type I/heteroti
geometries, whih is the main objet of interest in the present note, allow in addition non-trivial
gauge eld A with eld strength FA.
We reall the basi notations [73, 54, 52, 41, 42℄.
We searh for a solutions to lowest nontrivial order in α′ of the equations of motion that
follow from the bosoni ation
S =
1
2k2
∫
d10x
√−ge−2φ(Scalg + 4(∇gφ)2 − 1
12
H2 − α′Tr(FA)2)
whih also preserves at least one supersymmetry.
The three from H satises a modied Bianhi identity
dH = 2α′Tr(FA ∧ FA).(1.1)
The so alled Bianhi identity reads
(1.2) dH = 2α′(Tr(FA ∧ FA)− Tr(R∇˜ ∧R∇˜)),
where R∇˜ is the urvature of the metri onnetion ∇˜ with torsion T ∇˜ = −H related to the
Levi-Civita onnetion ∇g by ∇˜ = ∇g − 12H . The seond term on the right hand side of
(1.2) is the leading string orretion to the supergravity expression arising from the anomaly
anellation but for the onsisteny of the theory, a modiation to the ation should be inluded
[10℄ (see also [22℄,[45℄).
In terms of harateristi lasses (1.2) means that dH is proportional to the dierene of the
rst Pontrjagin 4-forms (p1(A)− p1(∇˜)) of the onnetions A, ∇˜, respetively.
A heteroti/type I geometry will preserve supersymmetry if and only if, in 10 dimensions,
there exists at least one Majorana-Weyl spinor ǫ suh that the supersymmetry variations of the
fermioni elds vanish, i.e.
δλ = ∇mǫ =
(
∇gm +
1
8
HmnpΓ
np
)
ǫ = 0
δΨ =
(
Γm∂mφ+
1
12
HmnpΓ
mnp
)
ǫ = 0(1.3)
δξ = F
A
mnΓ
mnǫ = 0,
where λ,Ψ, ξ are the gravitino, the dilatino and the gaugino, elds, respetively.
The equations of motion orresponding to the ation S are presented expliitly in [42℄. It is
known [25, 41℄ that the equation of motions of type I supergravity are automatially satised if
one imposes, in addition to the preserving supersymmetry equations (1.3), the modied Bianhi
identity (1.1).
Aording to no-go (vanishing) theorems (a onsequene of the equations of motion [31, 25℄;
a onsequene of the supersymmetry [58℄ for SU(n)-ase and [42℄ for the general ase) there are
no ompat solutions with non-zero ux and non-onstant dilaton satisfying the supersymmetry
equations (1.3) and the modied Bianhi identity (1.1) simultaneously.
In dimensions 7 and 8 the only known heteroti/type I solutions to the equations of motion
preserving at least one supersymmetry, i.e. satisfying (1.3) and (1.1), are those onstruted in
[27, 37, 54℄ in dimension 8 and those presented in [52℄ in dimension 7. All these solutions are
onformal to a at spae. In dimension 6, the possibility of the existene of a non-onformally
at solution on the omplex Iwasawa manifold was disussed in [73, 21, 42, 63℄.
In the present note we onentrate our attention to nd non-ompat solutions to the su-
pergravity equations (1.3) inluding the modied Bianhi identity (1.1) as well as the anomaly
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anellation ondition (1.2). In dimensions 7 and 8 we nd non-loally-onformally at non-
ompat solutions to the gravitino, gaugino and dilatino equations with non-zero ux and
non-onstant dilaton whih obey the Bianhi identities (1.1) and (1.2) and therefore satisfy the
equations of motion, due to the result in [41℄. In dimension 6, we present a (non-onformally-
at) non-ompat solution to the equations of motion showing that it obeys (1.3),(1.1),(1.2).
All these non-ompat solutions seem to be new.
We present a non onformally at (resp. onformally at) SU(3), G2 and Spin(7)-instantons
whih satisfy anomaly anellation ondition (1.2) as well as the modied Bianhi identity (1.1).
We obtain ompat 6,7 and 8-manifolds whih solve the gravitino and gaugino equations and
satisfy the ompatibility onditions (1.2) and (1.1) but do not solve the dilatino equation whih
is onsistent with the no-go theorems.
Geometrially, the vanishing of the gravitino variation is equivalent to the existene of a
non-trivial spinor parallel with respet to a metri onnetion ∇ with totally skew symmetri
torsion T = H whih is related to the Levi-Civita onnetion ∇g by
∇ = ∇g + 1
2
H.
The presene of ∇-parallel spinor leads to restrition of the holonomy group Hol(∇) of the
torsion onnetion ∇. Namely, Hol(∇) has to be ontained in SU(3), d = 6 [73, 59, 58, 51, 21, 6,
7℄, the exeptional group G2, d = 7 [32, 40, 34℄, the Lie group Spin(7), d = 8 [40, 57℄. A detailed
analysis of the possible geometries is arried out in [42℄. Complex Non-Kähler geometries appear
in string ompatiations and are studied intensively [73, 46, 42, 40, 41, 46, 45, 6, 7℄. Some
types of non-omplex 6-manifold have been also invented reently in the string theory due to
the mirror symmetry and T-duality [63, 50, 49, 11, 21, 22℄.
Another speial dimension is turn out to be dimension 5. The existene of∇-parallel spinor in
dimension 5 determines an almost ontat metri struture whose properties as well as solutions
to gravitino and dilatino equations are investigated in [32, 33℄. We use these onsideration in our
onstrution in Setion 7 of new SU(3)-instanton and non-ompat solution to the equations
of motion in dimension 6.
Almost Hermitian manifolds with totally skew-symmetri Nijenhuis tensor arise as target
spaes of a lass of (2,0)-supersymmetri two-dimensional sigma models [69℄. For the onsisteny
of the theory, the Nijenhuis tensor has to be parallel with respet to the torsion onnetion with
holonomy ontained in SU(n). The known models are those on group manifolds. We present a
6-dimensional nil-manifold as an example whih is not a group manifold.
Starting with a SU(3)-struture in dimension 6 we analyze the ve lasses disovered reently
by Chiossi and Salamon [23℄ from the point of the existene of a SU(3)-onnetion having to-
tally skew-symmetri torsion. We obtain neessary and suient onditions for the existene of
a onnetion solving the gravitino equation in dimension 6, i.e. the existene of a linear onne-
tion preserving the almost hermitian struture with torsion 3-form and holonomy ontained in
SU(3), in terms of the given SU(3)-struture and present a formula for the Riemannian salar
urvature (Theorem 4.1). It turns out that the orresponding almost omplex struture may
not be integrable. In ase that the almost omplex struture is integrable, we derive that the
SU(3)-struture is holomorphi if and only if the orresponding hermitian struture is balaned,
i.e. has o-losed fundamental form (Corollary 4.3). On the other hand, any SU(3)-weak holo-
nomy manifold (Nearly Kähler manifold) automatially solves both the gravitino and gaugino
equations. It turns out that the Nearly Kähler 6-sphere S6 satises in addition the ompat-
ibility onditions (1.2), (1.1). We present a six dimensional non-onformally at nil-manifold
Nil6 = G/Γ, i.e. a ompat quotient of a nilpotent Lie group G with a disrete subgroup Γ,
whih solves both the gravitino and gaugino equations and satises the ompatibility onditions
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(1.2), (1.1) but it is neither omplex nor Nearly Kähler. Consequently, it does not solve the
dilatino equation [73℄. However, the SU(3)-struture on G is half-at and therefore it deter-
mines a Riemannian metri with holonomy ontained in G2 on G × R ∼= R7 aording to the
proedure disovered by Hithin [55℄, whih seems to be a new one.
We propose a simple way to lift a 6-dimensional solution to the gravitino and gaugino equa-
tions, i.e. a SU(3)-instanton solving the gravitino equation and satisfying the onditions (1.1)
(resp. (1.2)), to a G2-instanton on the produt with the real line whih solves the three super-
symmetry equations (1.3) as well as the ompatibility ondition (1.1) (resp. (1.2)). We show
that Nil6×R, (resp. S6×R) is a non-ompat solution to the equations of motion in dimension
7 with non-zero ux and non-onstant dilaton whih preserves at least one supersymmetry and
is not loally onformally at (resp. loally onformally at). Consequently, the ompat spaes
Nil6 × S1, S6 × S1 admit a G2-instanton struture satisfying all the equations (1.3), (1.2),
(1.1) exept the dilatino equation.
It turns out that any G2-weak holonomy manifold (Nearly-parallel manifold) automatially
solves both the gravitino and gaugino equations. We show that the Nearly parallel 7-sphere
satises in addition the ompatibility onditions (1.2), (1.1).
The same lifting proedure is appliable to the Spin(7) ase. Namely, any G2-instanton
solving the gravitino equation and satisfying the onditions (1.1) (resp. (1.2)) an be lifted to a
Spin(7)-instanton on the produt with the real line whih solves the three supersymmetry equa-
tions (1.3) as well as the ompatibility ondition (1.1) (resp. (1.2)). We show that Nil6×R×R,
(resp. S6×R×R, S7×R) is a non-ompat solution to the equations of motion in dimension 8
with non-zero ux and non-onstant dilaton whih preserves at least one supersymmetry and is
not loally onformally at (resp. loally onformally at). Consequently, the ompat spaes
Nil6 × S1 × S1, S6 × S1 × S1, S7 × S1 admit a Spin(7)-instanton struture satisfying all
the equations (1.3), (1.2), (1.1) exept the dilatino equation.
Starting with a Tanno deformed Einstein Sasaki struture in dimension 5, we lift it to
a SU(3)-instanton on the produt with the real line whih satises all the supersymmetry
equations (1.3) in dimension 6. In this way we obtain loal solutions to the equations of motion
in dimension 6. Consider S5 as a Sasakian spae form, i.e a Tanno deformation of the standard
Einstein-Sasaki struture, we show that S5 × R is a non-ompat solution to the equations of
motion in dimension 6 with non-zero ux and non-onstant dilaton whih preserves at least one
supersymmetry. Consequently, the ompat spae S5 ×S1 admits a SU(3)-instanton struture
satisfying all the equations (1.3), (1.2), (1.1).
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2. General properties of SU(3), G2 and Spin(7)-strutures
In this setion we reall neessary properties of SU(3), G2 and Spin(7) strutures.
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2.1. SU(3)-strutures in d = 6. Let (M6, g, J) be an almost Hermitian 6-manifold with
Riemannian metri g and an almost omplex struture J , i.e. (g, J) dene an U(3)-struture.
The Nijenhuis tensor N , the Kähler form F and the Lee form θ6 are dened by
(2.4) N = [J., J.]− [., .]− J [J., .]− [., J.], F = g(., J.), θ6(.) = δF (J.),
respetively.
A SU(3)-struture is determined by an additional non-degenerate (3,0)-form Ψ = Ψ+ +√−1Ψ−, or equivalently by a non-trivial spinor. To be more expliit, we may hoose a loal
orthonormal frame e1, . . . , e6, identifying it with the dual basis via the metri. Write ei1i2...ip
for the monomial ei1 ∧ ei2 ∧ · · · ∧ eip . A SU(3)-struture is desribed loally by
Ψ = −(e1 +
√−1e2) ∧ (e3 +
√−1e4) ∧ (e5 +
√−1e6), F = −e12 − e34 − e56,(2.5)
Ψ+ = −e135 + e236 + e146 + e245, Ψ− = −e136 − e145 − e235 + e246.
The subgroup of SO(6) xing the forms F and Ψ simultaneously is SU(3). The two forms F
and Ψ determine the metri ompletely. The Lie algebra of SU(3) is denoted su(3).
The failure of the holonomy group of the Levi-Civita onnetion to redue to SU(3) an be
measured by the intrinsi torsion τ , whih is identied with ∇gF or∇gJ and an be deomposed
into ve lasses [23℄, τ ∈ W1 ⊕ · · · ⊕W5. The intrinsi torsion of an U(n)- struture belongs
to the rst four omponents desribed by Gray-Hervella [48℄. The ve omponents of a SU(3)-
struture are rst desribed by Chiossi-Salamon [23℄ (for interpretation in physis see [21, 50,
49℄) and are determined by dF, dΨ+, dΨ− as well as by dF and N . We desribe those of them
whih we will use later.
τ ∈ W1: The lass of Nearly Kähler (weak holonomy) manifold dened by dF to be
(3,0)+(0,3)-form.
τ ∈ W2: The lass of almost Kähler manifolds, dF = 0.
τ ∈ W3: The lass of balaned hermitian manifold determined by the onditions N =
θ6 = 0, i.e these are omplex manifolds with vanishing Lee form. These spaes are
investigated in [39, 68, 2℄.
τ ∈ W4: The lass of loally onformally Kähler spaes haraterized by dF = θ6 ∧ F .
τ ∈ W1 ⊕W3 ⊕W4: The lass alled by Gray-Hervella G1-manifolds determined by the
ondition that the Nijenhuis tensor is totally skew-symmetri. This is the preise lass
whih we are interested in.
The lass of a half-at SU(3)-manifold [23℄ may be haraterized by the onditions dΨ+ =
0, θ6 = 0. The half-at strutures an be lifted to a G2-holonomy metri on the produt with
the real line and vie versa due to the Hithin theorem [55℄. In fat, many new G2-holonomy
metris are obtained in this way [43, 14℄.
We reall [23℄ that the fth omponent W5 and the two salar omponents of W1 are deter-
mined by the expressions ∗dΨ+∧Ψ+, dΨ+∧F =W+1 vol., dΨ−∧F =W−1 vol., respetively.
If all ve omponents are zero then we have a Rii-at Kähler (Calabi-Yau) 3-fold.
2.2. G2-strutures in d = 7. Endow R
7
with its standard orientation and inner produt. Let
e1, . . . , e7 be an oriented orthonormal basis. Consider the three-form ω on R
7
given by
(2.6) ω = e127 − e236 + e347 + e567 − e146 − e245 + e135.
The subgroup of GL(7) xing ω is the exeptional Lie group G2. It is a ompat, onneted,
simply-onneted, simple Lie subgroup of SO(7) of dimension 14 [16℄. The Lie algebra is
denoted by g2 and it is isomorphi to the two forms satisfying 7 linear equations, namely
g2 ∼= {α ∈ Λ2(M)|∗(α ∧ ω) = −α} The 3-form ω orresponds to a real spinor ǫ and therefore,
G2 an be identied as the isotropy group of a non-trivial real spinor.
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The Hodge star operator supplies the 4-form ∗ω given by
(2.7) ∗ω = e3456 + e1457 + e1256 + e1234 + e2357 + e1367 − e2467.
A 7-dimensional Riemannian manifold is alled a G2-manifold if its struture group redues to
the exeptional Lie group G2. The existene of a G2-struture is equivalent to the existene
of a global non-degenerate three-form whih an be loally written as (2.6). The 3-from ω
is alled the fundamental form of the G2-manifold [15℄. From the purely topologial point of
view, a 7-dimensional paraompat manifold is a G2-manifold if and only if it is an oriented spin
manifold [66℄. We will say that the pair (M,ω) is a G2-manifold with G2-struture (determined
by) ω.
The fundamental form of a G2-manifold determines a Riemannian metri impliitly through
gij =
1
6
∑
kl ωiklωjkl [47℄. This is referred to as the metri indued by ω. We write ∇g for the
assoiated Levi-Civita onnetion.
In [29℄, Fernandez and Gray divide G2-manifolds into 16 lasses aording to how the o-
variant derivative of the fundamental three-form behaves with respet to its deomposition into
G2 irreduible omponents (see also [23, 40℄). If the fundamental form is parallel with respet
to the Levi-Civita onnetion, ∇gω = 0, then the Riemannian holonomy group is ontained in
G2. In this ase the indued metri on the G2-manifold is Rii-at, a fat rst observed by
Bonan [15℄. It was shown by Gray [47℄ (see also [16, 71℄) that a G2-manifold is parallel preisely
when the fundamental form is harmoni, i.e. dω = d ∗ ω = 0. The rst examples of omplete
parallel G2-manifolds were onstruted by Bryant and Salamon [17, 44℄. Compat examples of
parallel G2-manifolds were obtained rst by Joye [60, 61, 62℄ and reently by Kovalev [65℄.
The Lee form θ7 is dened by [19℄
(2.8) θ7 = −1
3
∗(∗dω ∧ ω),
If the Lee form vanishes, θ7 = 0 then the G2-struture is said to be balaned. If the Lee form
is losed, dθ7 = 0 then the G2-struture is loally onformally equivalent to a balaned one
[34℄. If the G2-struture satises the ondition d∗ω = θ7 ∧ ω then it is alled integrable and an
analog of the Dolbeault ohomology is investigated in [30℄.
2.3. Spin(7)-strutures in d = 8. Now, let us onsider R8 endowed with an orientation and
its standard inner produt. Let {e0, ..., e7} be an oriented orthonormal basis. Consider the
4-form Φ on R8 given by
Φ = e0127 − e0236 + e0347 + e0567 − e0146 − e0245 + e0135(2.9)
+ e3456 + e1457 + e1256 + e1234 + e2357 + e1367 − e2467.
The 4-form Φ is self-dual ∗Φ = Φ and the 8-form Φ ∧ Φ oinides with the volume form of R8.
The subgroup of GL(8, R) whih xes Φ is isomorphi to the double overing Spin(7) of SO(7)
[53℄. Moreover, Spin(7) is a ompat simply-onneted Lie group of dimension 21 [16℄. The
Lie algebra of Spin(7) is denoted by spin(7) and it is isomorphi to the two forms satisfying 7
linear equations, namely spin(7) ∼= {α ∈ Λ2(M)| ∗ (α ∧ Φ) = −α}.
The 4-form Φ orresponds to a real spinor φ and therefore, Spin(7) an be identied as the
isotropy group of a non-trivial real spinor.
A Spin(7)-struture on an 8-manifold M is by denition a redution of the struture group
of the tangent bundle to Spin(7); we shall also say that M is a Spin(7) manifold. This an
be desribed geometrially by saying that there exists a nowhere vanishing global dierential
4-form Φ on M whih an be loally written as (2.9). The 4-form Φ is alled the fundamental
form of the Spin(7) manifold M [15℄.
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The fundamental form of a Spin(7)-manifold determines a Riemannian metri impliitly
through gij =
1
24
∑
klm ΦiklmΦjklm [47℄. This is referred to as the metri indued by Φ.
In general, not every 8-dimensional Riemannian spin manifoldM8 admits a Spin(7)-struture.
We explain the preise ondition [66℄. Denote by p1(M), p2(M),X(M),X(S±) the rst and the
seond Pontrjagin lasses, the Euler harateristi of M and the Euler harateristi of the pos-
itive and the negative spinor bundles, respetively. It is well known [66℄ that a spin 8-manifold
admits a Spin(7) struture if and only if X(S+) = 0 or X(S−) = 0. The latter onditions are
equivalent to p21(M)− 4p2(M) + 8X(M) = 0, for an appropriate hoie of the orientation [66℄.
Let us reall that a Spin(7) manifold (M, g,Φ) is said to be parallel (torsion-free [61℄) if
the holonomy of the metri Hol(g) is a subgroup of Spin(7). This is equivalent to saying
that the fundamental form Φ is parallel with respet to the Levi-Civita onnetion ∇g of the
metri g. Moreover, Hol(g) ⊂ Spin(7) if and only if dΦ = 0 [16℄ (see also [71℄) and any parallel
Spin(7)manifold is Rii at [15℄. The rst known expliit example of omplete parallel Spin(7)
manifold with Hol(g) = Spin(7) was onstruted by Bryant and Salamon [17, 44℄. The rst
ompat examples of parallel Spin(7) manifolds with Hol(g) = Spin(7) were onstruted by
Joye[60, 61℄.
There are 4-lasses of Spin(7) manifolds aording to the Fernandez lassiation [28℄ ob-
tained as irreduible representations of Spin(7) of the spae ∇gΦ.
The Lee form θ8 is dened by [18℄
(2.10) θ8 = −1
7
∗ (∗dΦ ∧Φ) = ∗(δΦ ∧Φ).
The 4 lasses of Fernandez lassiation an be desribed in terms of the Lee form as follows
[18℄: W0 : dΦ = 0; W1 : θ
8 = 0; W2 : dΦ = θ
8 ∧ Φ; W : W =W1 ⊕W2.
A Spin(7)-struture of the lass W1 (ie Spin(7)-struture with zero Lee form) is alled a
balaned Spin(7)-struture. If the Lee form is losed, dθ8 = 0 then the Spin(7)-struture is
loally onformally equivalent to a balaned one [57℄. It is shown in [18℄ that the Lee form of a
Spin(7) struture in the lass W2 is losed and therefore suh a manifold is loally onformally
equivalent to a parallel Spin(7) manifold. The ompat spaes with losed but not exat Lee
form (i.e. the struture is not globally onformally parallel) have very dierent topology than
the parallel ones [57℄.
Coeetive ohomology and oeetive numbers of Riemannian manifolds with Spin(7)-
struture are studied in [74℄.
3. The supersymmetry equations in dimensions 6, 7 and 8
Dimension d=6. Neessary onditions to have a solution to the system of dilatino and grav-
itino equations in dimension 6 were derived by Strominger in [73℄ and then studied by many
authors [40, 41, 42, 21, 22, 6, 7, 8, 45℄
Neessary onditions to solve the gravitino equation are given in [32℄. The presene of a
parallel spinor in dimension 6 leads rstly to the redution to U(3), ie the existene of an
almost hermitian struture, seondly to the existene of a linear onnetion preserving the
almost hermitian struture with torsion 3-form and thirdly to the redution of the holonomy
group of the torsion onnetion to SU(3). It is shown in [32℄ that there exists a unique linear
onnetion preserving an almost hermitian struture having totally skew-symmetri torsion if
and only if the Nijenhuis tensor is a 3-form, i.e. the intrinsi torsion τ ∈ W1 ⊕W3 ⊕W4. The
torsion onnetion ∇ is determined by
(3.11) ∇ = ∇g + 1
2
T, T = JdF +N = −dF (J., J., J.) +N = −dF+(J., J., J.) + 1
4
N,
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where dF+ denotes the (1,2)+(2,1)-part of dF . The (3,0)+(0,3)-part dF− is determined om-
pletely by the Nijenhuis tensor [38℄. If N is a three form then (see e.g.[32℄)
(3.12) dF− = −3
4
JN.
In addition, the dilatino equation fores the almost omplex struture to be integrable and the
Lee form to be losed (for appliations in physis the Lee form has to be exat) determined by
the dilaton due to θ6 = 2dφ [73℄.
When the almost omplex struture is integrable, N = 0, the torsion onnetion is also
known as the Bismut onnetion and was used by Bismut to prove loal index theorem for the
Dolbeault operator on Hermitian non-Kähler manifold [12℄. This formula was reently applied
in string theory [7℄. Vanishing theorems for the Dolbeault ohomology on ompat Hermitian
non-Kähler manifold were found in terms of the Bismut onnetion [4, 58, 59℄.
Dimension d=7. The preise onditions to have a solution to the gravitino equation in di-
mension 7 are found in [32℄. Namely, there exists a non-trivial parallel spinor with respet to a
G2-onnetion with torsion 3-form T if and only if there exists a G2-struture (ω, g) satisfying
the equations
(3.13) d∗ω = θ7 ∧ ∗ω.
In this ase the torsion onnetion ∇ is unique, the torsion 3-form T is given by
(3.14) ∇ = ∇g + 1
2
T, H = T =
1
6
(dω, ∗ω)ω − ∗dω + ∗(θ7 ∧ ω)
and the Riemannian salar urvature has the following expression [34℄
(3.15) sg =
1
18
(dω, ∗ω) + ||θ7||2 − 1
12
||T ||2 + 3δθ7.
The neessary onditions to have a solution to the system of dilatino and gravitino equations
were derived in [40, 32, 34℄ and suieny was proved in [32, 34℄. The general existene result
[32, 34℄ states that there exists a (loal) non-trivial solution to both dilatino and gravitino
equations in dimension 7 if and only if there there exists a G2-struture (ω, g) satisfying the
equations
(3.16) d∗ω = θ7 ∧ ∗ω, dω ∧ ω = 0, θ7 = 2dφ.
The torsion 3-form (the ux H) is given by
(3.17) ∇ = ∇g + 1
2
T, H = T = −∗dω + 2∗(dφ ∧ ω).
The Riemannian salar urvature satises sg = 8||dφ||2 − 112 ||T ||2 + 6δdφ.
Dimension d=8. It is shown in [57℄ that the gravitino equation always have a solution in
dimension 8. Namely, any Spin(7)-struture admits a unique Spin(7)-onnetion with totally
skew-symmetri torsion
T = ∗dΦ− ∗(θ8 ∧ Φ).
The neessary onditions to have a solution to the system of dilatino and gravitino equations
were derived in [40, 57℄ and suieny was proved in [57℄. The general existene result [57℄
states that there exists a (loal) non-trivial solution to both dilatino and gravitino equations
in dimension 8 if and only if there there exists a Spin(7)-struture (Φ, g) with losed Lee form,
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dθ8 = 0, whih is equivalent to the statement that the Spin(7)-struture is loally onformally
balaned. The torsion 3-form (the ux H) and the Lee form are given by
(3.18) ∇ = ∇g + 1
2
T, H = T = ∗dΦ− 2∗(dφ ∧ Φ), θ8 = 12
7
dφ.
The Riemannian salar urvature satises sg = 8||dφ||2 − 112 ||T ||2 + 6δdφ.
In addition to these equations, the vanishing of the gaugino variation requires the 2-form FA
to be of instanton type: ([24, 73, 54, 70, 26, 42℄)
Case d=6 A Donaldson-Uhlenbek-Yau SU(3)-instanton i.e the gauge eld A is a SU(3)-
onnetion with urvature 2-form FA ∈ su(3). The SU(3)-instanton ondition an be
written in loal holomorphi oordinates in the form [24, 73℄
(3.19) FAαβ = F
A
α¯β¯
= 0, FA
αβ¯
Fαβ¯ = 0.
Case d=7 A G2-instanton i.e. the gauge eld A is a G2-onnetion and its urvature 2-form
FA ∈ g2. The latter an be expressed in any of the following two equivalent ways
(3.20) FAmnω
mn
p = 0 ⇔ FAmn =
1
2
FApq(∗ω)pqmn;
Case d=8 A Spin(7)-instanton i.e. the gauge eld A is a Spin(7)-onnetion and its urvature
2-form FA ∈ spin(7). The latter is equivalent to
(3.21) FAmn =
1
2
FApqΦ
pq
mn.
4. Non-ompat G2-solution indued from a SU(3)-instanton
In this setion we show how to onstrut loal solution to the equations of motion in di-
mension 7 if we have a solution to the gravitino and gaugino equations satisfying the modied
Bianhi identity (1.1) in dimension 6.
We rst investigate neessary and suient ondition to have a solution to the gravitino
equation in dimension 6, i.e. to have a ∇-parallel spinors. We prove the following
Theorem 4.1. Let (M6, g, J,Ψ) be a 6-dimensional smooth manifold with a SU(3)-struture
(g, J,Ψ) or equivalently, the almost hermitian manifold (M6, g, J) has topologially trivial anon-
ial bundle trivialized by a (3,0)-form Ψ. The next two onditions are equivalent
a) There exists a unique SU(3)-onnetion with torsion 3-form, i.e. a linear onnetion
with torsion 3-form whih preserves the almost hermitian struture whose holonomy is
ontained in SU(3).
b) The Nijenhuis tensor N is totally-skew symmetri and the following onditions hold
(4.22) dΨ+ = θ6 ∧Ψ+ − 1
4
(N,Ψ+)∗F, dΨ− = θ6 ∧Ψ− − 1
4
(N,Ψ−)∗F.
The torsion is given by
(4.23) T = −∗dF + ∗(θ6 ∧ F ) + 1
4
(N,Ψ+)Ψ+ +
1
4
(N,Ψ−)Ψ−.
The Riemannian salar urvature is expressed in the following way
(4.24) sg =
1
8
(N,Ψ+)2 +
1
8
(N,Ψ−)2 + 2||θ6||2 − 1
12
||T ||2 + 3δθ6.
In partiular, if the struture is omplex and balaned then the Riemannian salar urvature is
non-positive.
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Proof. Suppose the ondition a) holds. Then the Nijenhuis tensor N is a three form due to
Theorem 10.1 in [32℄. The onditions ∇Ψ = ∇Ψ+ = ∇Ψ− = 0 imply the onstraints (4.22) on
the exterior derivative of the form Ψ. This an be heked diretly using (3.11) and (3.12).
To prove the onverse we onsider the produtM7 =M6×R with the G2-struture ω dened
by [55, 23℄
(4.25) ω = −F ∧ e7 −Ψ+,
where e7 is the standard 1-form on R.
We adopt the onvention to indiate the objet on the produt by a supersript 7, i.e.
∗7, T 7, θ7,∇7, R∇7 are the Hodge star operator, the torsion 3-form, the Lee form, the torsion
onnetion and its urvature, respetively. The same objets on M6 have supersript 6.
Our idea is to hek that the G2-struture on the produt M
7 = M6 × R satises the
onditions (3.13) and to apply the Friedrih-Ivanov result from [32℄ assuring the existene
of G2-onnetion ∇7 with torsion 3-form T 7. We show that the torsion satises the ondition
T (e7, ., .) = 0 and therefore∇7e7 = 0. Hene, the onnetion∇7 desends onM6 to a onnetion
∇6 whih preserves the SU(3)-struture and has totally skew-symmetri torsion.
We get from (4.25) applying (3.12) and (4.22) the following sequene of equalities
θ7 = −1
3
∗7(∗7dω ∧ ω) = 1
3
(−∗6(∗6dF ∧ F ) + ∗6(∗6dF ∧Ψ+)e7 − ∗6(∗6dΨ+ ∧Ψ+)) =
= θ6 +
1
4
(N,Ψ−)e7,(4.26)
where we used the identities
∗6(∗6dΨ+ ∧Ψ+) = ∗6(∗6(θ ∧Ψ+) ∧Ψ+) = −2θ,(4.27)
∗7dω = ∗6dF − ∗6dΨ+ ∧ e7, θ = −∗6dF ∧ dF,
∗6(∗6dF ∧Ψ+) = −(Ψ+, dF ) = −3
4
(Ψ−, N).
Applying the equalities d∗6F = −∗6Jθ6 = θ6 ∧ ∗6F and the onditions (4.22) we obtain (3.13).
Hene, there exists a G2-onnetion ∇7 with torsion 3-form T 7 given by (3.14) on the produt
M7 =M6 × R. To ompute T 7 we use (3.12) and (4.26). We have
(dω, ∗7ω) = ∗7(dω ∧ ω) = 2∗7(dF ∧Ψ+) = −3
2
(N,Ψ+),(4.28)
∗7(θ7 ∧ ω) = ∗6(θ6 ∧ F )− ∗6(θ6 ∧Ψ+)e7 + 1
4
(N,Ψ−)Ψ−,
Now, the formula (3.14) and (4.22) give the desired expression (4.23) whih implies that the
torsion T 7 does not depend on e7 and therefore the onnetion ∇7 desends to M6.
Substituting (4.28) and (4.26) into (3.15) we get (4.24) for the Riemannian salar urvature
on the produt whih learly oinides with the salar urvature on (M6, g6). 
Corollary 4.2. In dimension 6 the following onditions are equivalent:
a) There exists a non-trivial solution to the system of gravitino and dilatino equations with
non-zero ux H and non-onstant dilaton φ;
b) There exists a SU(3)-struture (F,Ψ) satisfying the onditions
dΨ+ = 2dφ ∧Ψ+, dΨ− = 2dφ ∧Ψ−.
The ux H is given by
(4.29) H = T = −∗dF + 2∗(dφ ∧ F ).
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The Riemannian salar urvature of the solution has the expression
(4.30) sg = 8||dφ||2 − 1
12
||T ||2 + 6δdφ.
A part of the neessary onditions we presented are known [73, 42, 40, 41, 21℄. The formula
(4.29) was disovered in [40℄, the rst formula in (4.27) has already appeared in [21℄.
Corollary 4.3. A losed SU(3)-struture (dΨ+ = dΨ− = 0) admits a SU(3)-onnetion with
torsion 3-form if and only if the orresponding almost Hermitian struture is a balaned Her-
mitian struture, (N = θ6 = 0).
In partiular, a holomorphi SU(3)-struture on a omplex manifold supports a linear on-
netion with torsion 3-form and holonomy ontained in SU(3) if and only if it is balaned. In
the latter ase the Riemannian salar urvature is non-positive.
Consequently, suh a struture is half-at and therefore it determines a Riemannian metri
with holonomy ontained in G2 on the produt with the real line .
Remark 4.4. We note the oinidene of the formulas for the Riemannian salar urvature of
solutions to the gravitino and dilatino equations in dimensions 6,7, and 8. Atually, it is proved
in [59℄ (see also [45℄) that the SU(n)-geometry arising from any solution to the gravitino and
dilatino equations satises the identity
(4.31) Ricg(X,Y )− 1
4
∑
i,j
H(X, ei, ej)H(Y, ei, ej)+2∇gX∇gY φ+ 1
4
∑
i
dH(X, JY, ei, Jei) = 0
whih is onsistent with the rst equation of motion. The trae in (4.31) gives (4.30) due to
the identity
1
4
∑
i
dH(X, JY, ei, Jei) = 8||dφ||2 + 4δdφ− 1
3
||H ||2
shown in [4℄ (see also (3.24) in [59℄).
Remark 4.5. We note that the Riemannian salar urvature for a half-at SU(3)-struture is
omputed in [50℄. On the other hand, not every half-at struture admits SU(3)-onnetion
with torsion 3-form sine it may have nonzeroW2 omponent. For example, the SU(3)-struture
on the nilpotent Lie algebras desribed in [23℄, Example 2 and 3, are half-at but do not admit
SU(3) onnetion with torsion 3-form sine dΨ− 6= fF ∧ F .
Another onsequene of Theorem 4.1 is the following
Theorem 4.6. Let (M6, g, J, F,Ψ) be a smooth almost omplex 6-manifold with totally skew-
symmetri Nijenhuis tensor equipped with a SU(3)-struture Ψ solving the gravitino equation,
i.e. the onditions (4.22) hold. Assume also the onditions
(4.32) dθ6 = 0, (N,Ψ+) = 0, (N,Ψ−) = const. 6= 0.
i) Then the G2-struture ω = −F ∧ e7 −Ψ+ dened on the produt M7 = M6 ×R solves
both the gravitino and dilatino equations with non-onstant dilaton.
ii) If in addition the torsion onnetion ∇6 is a SU(3)-instanton then the orresponding
torsion onnetion ∇7 is a G2-instanton.
iii) Suppose moreover that the torsion onnetion ∇6 satises the modied Bianhi identity
(1.1), (resp. (1.2)) with FA = R∇
6
. Then ∇7 also obeys (1.1), (resp. (1.2)) with
FA = R∇
7
and therefore solves the equations of motion with non zero ux and non-
onstant dilaton provided θ6 is exat.
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Proof. Equations (4.26) and (4.28) imply (3.16) due to the onditions of the theorem. We know
from Theorem 4.1 that T 7 = T 6, R∇
7
= R∇
6
, R∇˜
7
= R∇˜
6
and onsequently, Tr(R∇
7 ∧
R∇
7
) = Tr(R∇
6 ∧R∇6), T r(R∇˜7 ∧R∇˜7) = Tr(R∇˜6 ∧R∇˜6). A glane at the struture of Lie
algebras su(3) and g2 implies that R
∇
7
satises the G2- instanton equations (3.20) provided
R∇
6
obeys the SU(3)-instanton equations (3.19) 
5. Non-ompat Spin(7)-solution indued from a G2-instanton
In this setion we shall show that a G2-instanton on (N
7, ω) indues a Spin(7)-instanton on
the produt N8 = N7 × R.
We denote the Hodge star operator on N7 by ∗7. On the produt N8 = N7×R there exists
a Spin(7)-struture dened by
(5.33) Φ = e0 ∧ ω + ∗7ω,
where e0 = dt is the standard 1-form on R. We indiate the objet on the produt by a
supersript 8, i.e. ∗8, T 8, θ8,∇8, R∇8 are the Hodge star operator, the torsion 3-form, the Lee
form, the torsion onnetion and its urvature, respetively. The same objets on N7 have
supersript 7.
Theorem 5.1. Suppose (N7, ω7, g7,∇7, T 7) is a smooth G2-manifold whih solves the gravitino
equation, i.e. (3.13) holds. Then the Spin(7)-struture Φ on the produt N7 × R determined
with (5.33) has the properties
θ8 =
6
7
θ7 +
1
7
(dω, ∗7ω)e0, T 8 = T 7, R∇
8
= R∇
7
, T r(R∇
8 ∧R∇8) = Tr(R∇7 ∧R∇7).
Assume in addition the onditions
dθ7 = 0, (dω, ∗7ω) = const. 6= 0.
i) Then the Spin(7)-struture Φ dened on the produt N8 = N7 × R solves both the
gravitino and dilatino equations with non-zero ux and non-onstant dilaton.
ii) If in addition the torsion onnetion ∇7 is a G2-instanton then the orresponding torsion
onnetion ∇8 is a Spin(7)-instanton.
iii) Suppose moreover that the torsion onnetion ∇7 satises the modied Bianhi identity
(1.1), (resp. (1.2)) with FA = R∇
7
. Then ∇8 also obeys (1.1), (resp. (1.2)) with
FA = R∇
8
and therefore solves the equations of motion with non-zero ux and non-
onstant dilaton provided θ7 is exat.
Proof. Take the exterior derivative in (5.33) and use (3.16) to get the identity dΦ = −e0∧dω+
θ7 ∧ ∗7ω. The latter yields
∗8dΦ = −∗7dω − e0 ∧ ∗7(θ7 ∧ ∗7ω)(5.34)
∗8(θ7 ∧ Φ) = −∗7(θ7 ∧ ω)− e0 ∧ ∗7(θ7 ∧ ∗7ω)(5.35)
θ8 = −1
7
∗8 (∗8dΦ ∧ Φ) =(5.36)
−1
7
[∗8 (e0 ∧ ∗7dω ∧ ω)− e0 ∧ ∗7 (θ7 ∧ ∗7ω) ∧ ∗7ω − ∗8(∗7dω ∧ ∗7ω)] =
−1
7
[∗7 (∗7dω ∧ ω)− ∗7 (∗7 (θ7 ∧ ∗7ω) ∧ ∗7ω)− (dω, ∗7ω)e0] = 6
7
θ7 +
1
7
(dω, ∗7ω)e0,
where we used the onditions (3.16), (2.8) and the general identity ∗7 (∗7 (γ ∧ ∗7ω) ∧ ∗7ω) = 3γ
valid for any 1-form γ on (M7, ω).
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Substitute (5.34), (5.35) and (5.36) into the formula (3.18) and ompare the result with
(3.17) to get T 8 = T 7.
The vetor eld e0 is parallel with respet to the Levi-Civita onnetion of g
8
and satis-
es T 8(e0, ., .) = T
7(e0, ., .) = 0. Therefore ∇8e0 = 0 yielding R∇8 = R∇7 , R∇˜8 = R∇˜7 .
Consequently,
7∑
0
R∇
8
mnklΦ
mn
ij =
7∑
1
R∇
7
mnkl(∗7ω)mnij = 2R∇
7
ijkl = 2R
∇
8
ijkl ,
sine R∇
7
is a G2-instanton. Clearly, the modied Bianhi identity (1.1), (resp. (1.2)) is
satised for FA = R∇
8
. 
The reverse proedure to nd types of SU(3)-strutures on 6-manifold indued by dierent
types of G2-strutures on 7-manifold is disussed reently in [8, 11, 50, 49℄.
6. Examples
Theorem 4.6 and Theorem 5.1 allow us to produe a number of examples of G2 and Spin(7)-
instantons and solutions to the equations of motion with gauge onnetion A = ∇ starting from
ertain types of almost omplex 6-manifold or ertain types of G2 manifolds.
We reall the well known urvature identity
(6.37) R∇(X,Y, Z, V ) = R∇˜(Z, V,X, Y ) +
1
2
dT (X,Y, Z, V ).
It helps us to handle the Bianhi identity (1.2) with FA = R∇ provided the next equality holds
(6.38) R∇(X,Y, Z, V ) = R∇(Z, V,X, Y ).
Combine (6.37) and (6.38) to get
(6.39) R∇ = R∇˜ +
1
2
dT.
In view of (6.39), the Bianhi identity (1.2) with A = ∇ takes the form
dT = α′
(
Tr(R∇ ∧ dT )− 1
2
Tr(dT ∧ dT )
)
.
Clearly, the ondition (6.38) is suient a SU(3) (resp. G2, Spin(7)) -onnetion to satisfy
the SU(3) (resp. G2, Spin(7)) -instanton ondition (3.19) (resp. (3.20),(3.21)). The symmetry
(6.38) of the urvature of a metri onnetion ∇ with torsion 3-form T holds exatly when ∇T
is a 4-form whih is equivalent to the ondition ∇gT = 14dT [56℄. In partiular, if the torsion is
∇-parallel, ∇T = 0, then we have the additional relations
R∇
g
ijkl = R
∇
ijkl −
1
2
TijmTkl
m − 1
4
TjkmTil
m − 1
4
TkimTjl
m;(6.40)
dTijkl = 2 (TijmTkl
m + TjkmTil
m + TkimTjl
m) .
6.1. (SU(3), G2, Spin(7))-instanton and onformally at non-ompat solution. Any
Nearly-Kähler 6-manifold is an SU(3)-instanton sine the torsion T = 14N = J∇gJ is ∇-
parallel [64℄, (see also [9, 32℄) and therefore the urvature R∇ satises (6.38).
Take Ψ+ = dF we obtain a SU(3)-instanton solving the gravitino and gaugino equations
aording to Theorem 4.6 whih, however, does not solve the dilatino equation sine the almost
omplex struture is not integrable [73℄.
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There are known only four ompat Nearly Kähler 6-manifolds, namely S6, S3 × S3, CP 3
and the ag F = U(3)/(U(1)× U(1)× U(1)) [55, 72℄.
We onsider the six-sphere (S6, J, g) endowed with the standard nearly Kähler struture
(g, J) inherited from the imaginary otonions in R7 [47℄. We laim that (S6, g, J,∇, A = ∇)
satises both the modied Bianhi identity (1.1) and the anomaly anellation ondition (1.2).
It is well known that any 6-dimensional Nearly Kähler manifold is Einstein and of onstant
type. Consequently, the following identities hold [32℄
TijmTkl
m = a2
1
2
(gikgjl − gjkgil − FikFjl + FjkFil), dT = a2F ∧ F = −2a2∗F,
where a2 is a non-zero onstant whih an be identied with the Riemannian salar urvature
sg, 15a2 = sg. Applying the fat that (S6, g) is a spae of onstant setional urvature, i.e.
R∇
g
ijkl =
1
2a
2(gjkgil − gikgjl) and (6.39), we alulate the Pontrjagin forms
16π2p1(∇) = Tr(R∇ ∧R∇) = R∇ijabR∇klabdxi ∧ dxj ∧ dxk ∧ dxl = −
3a2
4
dT ;
16π2p1(∇˜) = Tr(R∇˜ ∧R∇˜) = 9a
2
4
dT.
Remark 6.1. Observe that if we resale the metri homothetially by a onstant c, g¯ = e2cg
then the new torsion T¯ = e2cT in the ase of SU(3)-struture and T¯ = e4cT in the ase
of G2 or Spin(7)-struture while the Pontrjagin 4-forms remain unhanged, Tr(R
∇¯ ∧ R∇¯) =
Tr(R∇ ∧ R∇), T r(R ¯˜∇ ∧ R ¯˜∇) = Tr(R∇˜ ∧ R∇˜) (see [22℄ for more preise disussion of this
phenomena). Hene, if dT is proportional to the dierene of the Pontrjagin 4-forms with a
onstant then we an always resale the struture by a suitable onstant in order to get the
formulas (1.1) and (1.2).
Keeping Remark 6.1 in mind we obtain
Theorem 6.2. The Nearly Kähler 6-sphere solves the gravitino equation, the gaugino equation
with FA = R∇ and satises the modied Bianhi identity (1.1) and (1.2) with negative α′.
Consequently,
a) the produt (S6×R, ω, A = ∇7) with the G2-struture desribed in setion 4 solves all the
supersymmetry equations (1.3) with non-zero ux, non-onstant dilaton and satises the
Bianhi identity (1.1), (1.2). Therefore it solves the equations of motion in dimension
7.
The produt (S6×S1, ω, A = ∇7) is a ompat spae solving loally the supersymmetry
equations (1.3) whih satises the Bianhi identity (1.1), (1.2) in dimension 7.
b) the produt (S6 × R× R,Φ, A = ∇8) with the Spin(7)-struture desribed in setion 5
solves the supersymmetry equations (1.3) with non-zero ux, non-onstant dilaton and
satises the Bianhi identity (1.1), (1.2). Therefore it solves the equations of motion
in dimension 8.
The produt (S6 × S1 × S1,Φ, A = ∇8) is a ompat spae solving loally the super-
symmetry equations (1.3) whih satises the Bianhi identity (1.1), (1.2) in dimension
8.
Similarly to the SU(3)-ase, any G2-weak holonomy manifold (nearly-parallel G2 manifold)
is a G2-instanton. Indeed, it is well known that any 7-dimensional nearly-parallel G2 manifold
is Einstein and the following identities hold
(6.41) dω = −λ∗ω, (dω, ∗ω) = −λ,
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where λ2 = 821s
g
is a non-zero onstant. The torsion T = − 16λω is ∇-parallel [32℄. Hene,
any nearly-parallel G2-manifold is a G2-instanton whih solves the gravitino equation and the
gaugino equation with A = ∇7 but does not solve the dilatino equation aording to the result
in [34℄.
There are many known examples of ompat nearly parallel G2-manifolds: S
7
, SO(5)/SO(3)
[17, 71℄, the Alo-Wallah spaes N(g, l) = SU(3)/U(1)gl [20℄, any Einstein-Sasakian and any
3-Sasakian 7-manifold [35, 36℄.
We onsider the seven sphere (S7, ω, g) endowed with the standard nearly-parallel G2-
struture indued by the otonions in R8, namely, onsider the seven sphere as a totally um-
bilial hypersurfae in R8 [29℄. Clearly (S7, ω, g,∇, A = ∇) is a G2-instanton. We laim that
it satises the modied Bianhi identity (1.1) and the anomaly anellation ondition (1.2).
Indeed, we easily alulate from (6.40) applying (6.41), (6.39), the fat that (S7, g) is a spae
of onstant setional urvature and some G2-algebra, that
16π2p1(∇) = Tr(R∇ ∧R∇) = R∇ijabR∇klabdxi ∧ dxj ∧ dxk ∧ dxl = −
λ4
8.27
∗ω = −λ
2
36
dT ;
16π2p1(∇˜) = Tr(R∇˜ ∧R∇˜) = 1
54
λ4∗ω = 1
9
λ2dT.
We obtain using Remark 6.1 the following
Theorem 6.3. The nearly-parallel 7-sphere solves the gravitino equation, the gaugino equation
with FA = R∇ and satises the modied Bianhi identity (1.1) and (1.2) with negative α′.
Consequently, the produt (S7 × R,Φ, A = ∇8) with the Spin(7)-struture desribed in se-
tion 5 solves the supersymmetry equations (1.3) with non-zero ux, non-onstant dilaton and
satises the Bianhi identity (1.1), (1.2). Therefore it solves the equations of motion in dimen-
sion 8.
The produt (S7 × S1,Φ, A = ∇8) is a ompat spae solving loally the supersymmetry
equations (1.3) whih satises the Bianhi identity (1.1), (1.2) in dimension 8.
We note that these sphere-solutions are (loally) onformally at.
6.2. (SU(3), G2, Spin(7))-instanton and non-onformally at non-ompat solution.
In this setion we present a non-loally-onformally at solution starting with a nilpotent 6-
dimensional Lie group.
Let G be the six-dimensional onneted simply onneted and nilpotent Lie group, deter-
mined by the left invariant 1-forms {e1, . . . , e6} suh that
de2 = de3 = de6 = 0,(6.42)
de1 = e3 ∧ e6, de4 = e2 ∧ e6, de5 = e2 ∧ e3.
In terms of the standard oordinates x1, . . . , x6 on R
6
the left invariant forms {e1, . . . , e6} are
desribed by the expressions
e2 = dx2, e3 = dx3, e6 = dx6(6.43)
e1 = dx1 − x6dx3, e4 = dx4 − x6dx2, e5 = dx5 + x2dx3.
Consider the metri on G ∼= R6 dened by g =∑6i=1 e2i , or equivalently
ds2 = dx21 + (1 + x
2
6)dx
2
2 + (1 + x
2
2 + x
2
6)dx
2
3 + dx
2
4 + dx
2
5 + dx
2
6(6.44)
−x6(dx1dx3 + dx2dx4) + x2dx3dx5.
Let (F,Ψ) be the SU(3)-struture on G given by (2.5). Then(G,F,Ψ) is an almost omplex
manifold with a SU(3)-struture.
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We show below that this spae is a new non-onformally at SU(3)-instanton solving both
the gravitino and gaugino equations satisfying the modied Bianhi identity (1.1) as well as the
anomaly anellation ondition (1.2) but not solving the dilatino equation.
We ompute the Riemannian urvature Rg. The general Koszul formula
2g(∇gXY, Z) = Xg(Y, Z) + Y g(X,Z)− Zg(X,Y )(6.45)
+g([XY ], Z)− g([Y, Z], X)− g([X,Z], Y )
gives the following essential non-zero terms
2∇ge6e3 = e1, 2∇ge2e3 = −e5, 2∇ge6e2 = e4,
2∇ge3e6 = −e1, 2∇ge3e2 = e5, 2∇ge2e6 = −e4,(6.46)
2∇ge1e6 = −e3, 2∇ge5e2 = e3, 2∇ge4e6 = −e2,
Then we obtain Rg(e5, e6, e2, e1) = − 14 6= 0. Hene, the metri is not loally onformally at
sine the Weyl tensor W g(e5, e6, e2, e1) = R
g(e5, e6, e2, e1) = − 14 6= 0.
It is easy to verify using (2.4) and (6.42) that
dF = −3e236, N = −Ψ−, dΨ− = ∗F, (N,Ψ−) = −4,(6.47)
θ6 = dΨ+ = (N,Ψ+) = 0.
Hene, (G,Ψ, g, J) is neither omplex nor Nearly Kähler manifold but it fullls the onditions
(4.22) of Theorem 4.1 and therefore there exists a SU(3)-holonomy onnetion with torsion 3-
form on (G,Ψ, g, J). The expression (4.23) and (6.47) give
(6.48) T = −2e145 + e136 + e235 − e246, dT = −2(e1256 + e3456 + e1234) = 2∗F.
Plug (6.46) and (6.48) into (3.11) to get that the nonzero essential terms of the torsion onne-
tion are
∇e1e6 = −e3, ∇e5e2 = e3, ∇e4e6 = −e2,(6.49)
∇e4e5 = −e1, ∇e5e1 = −e4, ∇e1e4 = −e5.
It follows from (6.49) and (6.48) that the torsion tensor T as well as the Nijenhuis tensor N are
parallel with respet to the onnetion ∇. Hene, ∇ denes an SU(3)-instanton.
To verify the Bianhi identities for H we alulate the urvature R∇ by means of (6.49). We
obtain the following non-zero terms
R∇(e6, e2, e6, e2) = R
∇(e6, e3, e6, e3) = R
∇(e2, e3, e2, e3) = 1
R∇(e4, e5, e4, e5) = R
∇(e4, e1, e4, e1) = R
∇(e5, e1, e5, e1) = 1(6.50)
R∇(e2, e6, e5, e1) = R
∇(e3, e6, e4, e5) = R
∇(e2, e3, e1, e4) = −1.
Applying (6.50), (6.48) and (6.39) it is straightforward to ompute the rst Pontrjagin 4-
forms p1(∇) and p1(∇˜). Compare the result with the seond equality in (6.48) to get
(6.51) dT =
1
2
Tr(R∇ ∧R∇) = −Tr(R∇˜ ∧R∇˜).
The oeient of the struture equations of the Lie algebra given by (6.42) are integers.
Therefore, the well-known theorem of Malev [67℄ states that the group G has a uniform
disrete subgroup Γ suh that Nil6 = G/Γ is a ompat 6-dimensional nil-manifold. The
SU(3)-struture, desribed above, desends to Nil6 and therefore we obtain a ompat SU(3)-
instanton. With the help of Remark 6.1 and (6.51) we derive from Theorem 4.6 and Theorem 5.1
the following
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Theorem 6.4. The non onformally at almost hermitian 6-manifold (G, g, F,Ψ, A = ∇)
solves the gravitino and gaugino equations and satises the Bianhi identity (1.1), (1.2) with
positive α′. Consequently,
a) the produt (G×R, ω, A = ∇7) with the G2-struture desribed in setion 4 solves all the
supersymmetry equations (1.3) with non-zero ux, non-onstant dilaton and satises the
Bianhi identity (1.1), (1.2). Therefore it solves the equations of motion in dimension
7.
The produt (Nil6× S1, ω, A = ∇7) is a ompat spae solving loally the supersym-
metry equations (1.3) whih satises the Bianhi identity (1.1) and (1.2) in dimension
7;
b) the produt (Nil6×R×R,Φ, A = ∇8) with the Spin(7)-struture desribed in setion 5
solves the supersymmetry equations (1.3) with non-zero ux, non-onstant dilaton and
satises the Bianhi identity (1.1), (1.2). Therefore it solves the equations of motion
in dimension 8.
The produt (Nil6×S1×S1,Φ, A = ∇8) is a ompat spae solving loally the super-
symmetry equations (1.3) whih satises the Bianhi identity (1.1), (1.2) in dimension
8.
The G2-analog of the Dolbeault ohomology on G2-manifold was studied on Nil
6 × S1 in
[30℄.
Remark 6.5. The spae (G, g, J) is an example of an almost omplex 6-manifold with totally
skew-symmetri Nijenhuis tensor N and zero Lee form θ6 whih is neither omplex nor Nearly
Kähler but it is half-at and therefore it determines a Riemannian metri with holonomy
ontained in G2 on G × R ∼= R7 [55℄ whih seems to be new. The expliit expression of
this metri an be found solving the Hithin ow equations
dF =
∂(Ψ+)
∂t
, dΨ− = −F ∧ ∂(F )
∂t
,
where the SU(3)-struture depends on a real parameter t ∈ R [55℄. G2-holonomy metris arising
from types of Hermitian 6-manifolds are studied reently in [5℄.
Remark 6.6. The torsion tensor T as well as the Nijenhuis tensor N of (Nil6, g, J) are parallel
with respet to the torsion onnetion ∇ but ∇R∇ 6= 0 sine the spae is not naturally redutive
due to the inequality −1 = g([e3, e6], e1) 6= −g([e3, e1], e6) = 0. Hene, (Nil6, g, J) is an
example of a ompat non-naturally redutive almost Hermitian 6-manifold with totally skew-
symmetri Nijenhuis tensor whih is neither omplex nor Nearly Kähler. The torsion as well as
the Nijenhuis tensor are parallel with respet to the torsion onnetion.
Remark 6.7. Spaes for whih the ovariant derivative of the torsion is a four form (in partiular
zero) beome automatially of 'instanton type'. Spaes with parallel torsion are studied in
[1℄ in onnetion with string model; almost Hermitian 6-manifolds with parallel torsion are
investigated very reently (after the rst version of the present artile was posted to the arXiv)
in [3℄.
Remark 6.8. In general, on any almost hermitian manifold the Nijenhuis tensor N is the
(3,0)+(0,3)-part of the torsion of any linear onnetion ∇ ompatible with the almost her-
mitian struture (see e.g. [38℄). Therefore, the ondition ∇T = 0 always implies ∇N = 0
beause ∇ preserves the type deomposition indued from the almost omplex struture.
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7. Almost ontat metri strutures and non-ompat SU(3)-solutions in
dimension 6
We onstrut in this setion a new non-ompat solution to the type I-supergravity equations
of motion in dimension 6. We derive our solution from Sasakian strutures in dimension 5.
Solutions to the gravitino and dilatino equations in dimension 5 are investigated in [32, 33℄.
In dimension ve any solution to the gravitino equation, i.e. any parallel spinor with respet to
a metri onnetion with torsion 3-form denes an almost ontat metri struture (g, ξ, η, ψ)
whih is preserved by the torsion onnetion [32, 33℄. It is shown in [33℄ that solutions to the both
gravitino and dilatino equations are onneted with a speial type 'onformal' transformations
of the almost ontat struture introdued in [33℄.
We reall that an almost ontat metri struture onsists of an odd dimensional manifold
M2k+1 equipped with a Riemannian metri g, vetor eld ξ of length one, its dual 1-form η as
well as an endomorphism ψ of the tangent bundle suh that
ψ(ξ) = 0, ψ2 = −id+ η ⊗ ξ, g(ψ., ψ.) = g(., .)− η ⊗ η.
The Nijenhuis tensor N and the fundamental form F of an almost ontat metri struture are
dened by
F (., .) = g(., ψ.), N = [ψ, ψ] + dη ⊗ ξ.
There are many speial types of almost ontat metri strutures. We introdue those whih
are relevant to our onsiderations:
- normal almost ontat strutures determined by the ondition N = 0;
- ontat metri strutures haraterized by dη = 2F ;
- quasi-Sasaki strutures, N = 0, dF = 0. Consequently, ξ is a Killing vetor [13℄;
- Sasaki strutures, N = 0, dη = 2F . Consequently, ξ is a Killing vetor [13℄.
An almost ontat metri struture admits a linear onnetion ∇ with torsion 3-form preserving
the struture, i.e. ∇g = ∇ξ = ∇ψ = 0, if and only if the Nijenhuis tensor is totally skew-
symmetri and the vetor eld ξ is Killing vetor eld [32℄. In this ase the torsion onnetion
is unique. The torsion T of ∇ on a Sasakian manifold is expressed by T = η ∧ dη = 2η ∧F and
the torsion T is ∇-parallel, ∇T = 0 [32℄.
We restrit our attention to the Sasakian manifold in dimension ve.
The spinor bundle Σ of a 5-dimensional ontat metri spin manifold deomposes under the
ation of the fundamental 2-form F 5 into the sum Σ = Σ0 ⊕ Σ1 ⊕ Σ2, dimΣ0 = dimΣ2 =
1, dimΣ1 = 2. Spinors of type Σ1 parallel with respet to the torsion onnetion on quasi-
Sasakian 5-manifold are studied in [33℄.
We are interested in ∇5-parallel spinors of type Σ0orΣ2 on Sasakian 5-manifold. We reall
([34℄, Theorem 9.2) that a 5-dimensional simply onneted Sasakian manifold admits∇5-parallel
spinor of type Σ0orΣ2 if and only if the Riemannian Rii tensor Ricg has the form
(7.52) Ricg = 6g − 2η ⊗ η.
The Tanno deformation of a Sasakian struture satisfying (7.52), dened by the formulas
ψ′ = ψ, ξ′ =
3
4
ξ, η′ =
4
3
η, g′ =
4
3
g +
4
9
η ⊗ η,
yields an Einstein-Sasakian struture with Rii tensor Ricg
′
= 4g′ and vie versa.
We may hoose loally an orthonormal basis e1, e2, e3, e4, e5 = ξ suh that
(7.53) F 5 = e1 ∧ e2 + e3 ∧ e4, dη = de5 = 2F 5, T 5 = 2η ∧ F 5 = 2e5 ∧ (e1 ∧ e2 + e3 ∧ e4).
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Let M6 =M5 ×R. We indiate the objets on M6 with a supersript 6. Consider the produt
Riemannian manifoldM6 = M5×R with the produt metri and the ompatible almost omplex
struture J determined by the fundamental form
(7.54) F 6 = F 5 + e5 ∧ e6,
where e6 = dt is the standard 1-form on R.
The identity (7.54) yields dF 6 = 2F 5 ∧ e6 = 2e6 ∧ F 6. This equality tell us that the
almost hermitian manifold (M6, g6, F 6) is loally onformally Kähler. In partiular, the almost
omplex struture is integrable and the Lee form θ6 = 2e6 = 2dt is a losed 1-form on R. It
is easy to hek that the torsion T 6 of the orresponding Bismut onnetion ∇6 is determined
by the equality T 6 = T 5. Consequently, ∇6T 6 = 0. The Bismut onnetion denes an SU(3)-
instanton on M5 × R whih solves the three supersymmetry equations (1.3) provided M5 is
Sasakian 5-manifold whose Riemannian Rii tensor satises (7.52).
7.1. Non-onformally at loal SU(3)-solutions on S5 × S1. Let S5 be the ve-sphere
with the standard Einstein Sasakian struture indued on S5 by the usual omplex struture
on C3 onsidering S5 as a totally geodesi hypersurfae in the omplex spae C3. We onsider
(S5, g, ψ, η, ξ) as a Sasakian spae form, i.e. a Tanno deformation of the standard Einstein-
Sasakian struture on S5. We may assume that the Riemannian urvature is given by (see e.g.
[13℄
Rgijkl =
4
3
(gjkgil − gikgjl) + 1
3
(FkjFli − FkiFlj + 2FijFlk)+(7.55)
1
3
(ηiηkgjl − ηjηkgil + ηjηlgik − ηiηlgjk) .
Consider the loally onformally Kähler struture on S5 × R determined by (7.54). We laim
that the orresponding Bismut onnetion satises the modied Bianhi identity (1.1) as well
as the anomaly anellation ondition (1.2). Indeed, the equation (7.53) yields dT 6 = dT 5 =
dη ∧ dη = 4F 5 ∧ F 5.
Use (6.40), apply (7.53) and (7.55), to get
R∇
6
ijkl =
4
3
(gjkgil − gikgjl + ηiηkgjl − ηjηkgil + ηjηlgik − ηiηlgjk) + 1
6
dT 6ijkl.
The latter equality as well as (6.39) help to alulate the Pontrjagin forms
16π2p1(∇6) = Tr(R∇
6 ∧R∇6) = −8
3
dT 6, 16π2p1(∇˜6) = 16
3
dT 6.
Keeping Remark 6.1 in mind we obtain
Theorem 7.1. The Sasakian spae form (S5, g5, ψ, η, ξ) solves the gravitino equation and satis-
es the modied Bianhi identity (1.1) and (1.2) for FA = R∇
5
with negative α′. Consequently,
a) the produt (S5 × R, g6, F 6,∇6, A = ∇6) solves all the supersymmetry equations (1.3)
with non-zero ux, non-onstant dilaton and satises the Bianhi identity (1.1), (1.2).
Therefore it solves the equations of motion in dimension 6.
The produt (S5 × S1, g6, F 6, A = ∇6) is a ompat spae solving loally the super-
symmetry equations (1.3) whih satises the Bianhi identity (1.1), (1.2) in dimension
6.
b) the produt (S5 ×R×R, ω, A = ∇7) with the G2-struture desribed in setion 4 solves
all the supersymmetry equations (1.3) with non-zero ux, non-onstant dilaton and
satises the Bianhi identity (1.1), (1.2). Therefore it solves the equations of motion
in dimension 7.
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The produt (S5 × S1 × S1, ω, A = ∇7) is a ompat spae solving loally the super-
symmetry equations (1.3) whih satises the Bianhi identity (1.1), (1.2) in dimension
7.
) the produt (S5×R×R×R,Φ, A = ∇8) with the Spin(7)-struture desribed in setion 5
solves the supersymmetry equations (1.3) with non-zero ux, non-onstant dilaton and
satises the Bianhi identity (1.1), (1.2). Therefore it solves the equations of motion
in dimension 8.
The produt (S5 × S1 × S1 × S1,Φ, A = ∇8) is a ompat spae solving loally
the supersymmetry equations (1.3) whih satises the Bianhi identity (1.1), (1.2) in
dimension 8.
Remark 7.2. Note that all ompat examples we have presented in Setion 6 and Setion 7
solve the supersymmetry equations only loally sine the losed Lee form θ is atually a losed
1-form on a irle and therefore it an not be exat. This is onsistent with the vanishing results
laiming that there are no ompat solutions with globally dened non-onstant dilaton and
non-zero ux in type II and type I supergravities.
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